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H ■ 1 Introduction and results 

This paper is devoted to the study of a smoothing effect for a damped Schrodinger equation on 
exterior domain. In order to formulate the results, we shall begin by recalling some results for 
Schrodinger equation linking the regularity of solutions and the geometry of domain where these 
equations are posed. 

It is well known that the free Schrodinger equation enjoys the property of the < rf oc smoothing effect, 
which can be described as follows: For any distribution u$ of compact support, the solution of the 
Cauchy problem 

J (idt + A)u = in R x R d 

\ U\t=Q = U , 

is infinitely differentiable with respect to t and x when t ^ and x £ M. d . 
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Another type of smoothing effect says that if uq € L 2 (M. d ) then the solution of the Schrodinger 
equation satisfies the Kato ^-smoothing effect (iJ 1 / 2 -smoothing effect): 
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<C||u ||| 2 , s> 1/2. 



This property of gain of regularity has been first observed in the case of M. d in the works of Constantin- 
Saut [12], Sjolin [3TJ and Vega [33J and it has been extended locally in time to variable coefficient 
operators with non trapping metric by Doi ([Ml [15])). 

In the case of domains with boundary Burq, Gerard and Tzvctkov [llj proved a local smooth- 
ing estimate for exp(iiA) in the exterior domains with non-trapping assumption. Using the TT* 
argument, the proof of the smoothing effect with respect to initial data in [TT] is reduced to the 
non-homogeneous bound which, by performing Fourier transform in time, can be deduced from the 
bounds on the cut-off resolvent: 

|| X (A 2 - A)- x xlU^ < C, VA»1. 

The resolvent bound, for which the non-trapping assumption plays a crucial role, is proven for 
|A| >> 1 in greater generality by Lax-Phillips [2JJ, Melrose-Sjostrand [Midi], Vainberg [35] and 
Vazy-Zworski [31] 

The Kato-effect has been extended by Robbiano and Zuily in [30] to variable coefficients operators 
with unbounded potential in exterior domains with non trapping metric. The proof of their result 
is reduced to an estimate localized in frequency which has been established by contradiction using 
in a crucial way the semiclassical defect measure introduced by P. Gerard [17] (see also [22]). The 
use of the microlocal defect measure to prove an estimate by contradiction method (Wilcox [35]) go 
back to Lcbeau [H] . This idea has been followed with success by several authors (see Burq [5] [H] [TD] 
Aloui and Khenissi OH [20]). 

In [10j . Burq proved that the non trapping condition is necessary for the H 1 / 2 smoothing effect 
and showed, in the case of several convex obstacles satisfying certain assumptions, the smoothing 
effect with an e > loss: 

Wxu\\mHi/2-c {n)) < C|KllL2(n), 

where x is compactly supported. 

On the other hand, the non-trapping assumption is also equivalent to the uniform decay of the 
local energy for the wave equation (see [21] [28] [23] ) . For the trapping domains, when no such decay 
is hoped, the idea of stabilization for the wave equation is to add a dissipative term to the equation 
to force the energy of the solution to decrease uniformly. There is a large literature on the problem 
of stabilization of wave equation. In the case of bounded domains, we quote essentially the work of 
J. Rauch and M. Taylor [29] and the one of C. Bardos, G. Lebeau and J. Rauch [6] whose introduced 
and developed the geometric control condition (GCC). This condition that asserts, roughly speaking, 
that every ray of geometric optics enters the region where the damping term is effective in a uniform 
time, turns out to be almost necessary and sufficient for the uniform exponential decay of waves. In 
[3J, Aloui and Khenissi introduced the Exterior Geometric control condition (sec below Definition 1 1.1 [I 
and hence extended the result of [6] to the case of exterior domains (see also [4] ). 

Recently, by analogy with the stabilization problem the first author [UE] has introduced the forced 
smoothing effect for Schrodinger equation in bounded domains; it consists to act on the equation to 
produce some smoothing effects. More precisely he considered the following equation 

id t u — Ajju + ia{x){— Ai))ia(x)u = in ]0,+oo)xi7, 
u(0,.) = f in n, (1.1) 

u k+xan = 0, 

where f2 is a bounded domain and Ad is the Dirichlct-Laplacc operator on Q. 
Using the strategy of [TT], Aloui [2] proved a weak Kato -Smoothing effect: 

W v \\L'ae,T\,H' n +1 m <c\\v \\ HUn) , (1.2) 
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where < e < T < oo and vo g Hp (SI), (See [2] for the definition of H S D ). 

By iteration of the last result, Aloui deduced also a c ^' 00 -smoothing effect for the regularized 
Schrodinger equation (jl.ip . Recently, Aloui, Khenissi and Vodev [5j have proved that the Geometric 
control condition is not necessary to obtain the forced ( € <x> - smoothing effect. 

On the other hand, using the arguments of we can prove, for the equation in exterior 
domains, the cut-off resolvent bound, which is sufficient to deduce the non-homogenous bound. But, 
unfortunately, the generator operator Ad — ia(x)(— A^) ' a(x) is not self-adjoint and then the TT* 
argument fails. For this reason, we can not prove (with this strategy) the weak Kato-smoothing 
effect (jl.2p for exterior domains. 

The question now is the following: 

Can we establish the Kato-smoothing effect for the regularized Schrodinger equation for 
which the Geometric Control Condition is necessary? and if so, does this result still hold for exterior 
problems? 

In this paper, we give an affirmative answer. Indeed, under the Exterior Geometric Control 
condition, we prove the Kato-smoothing effect and the non homogenous bound for the regularized 
Schrodinger equation in exterior domains. Notice that the case of bounded domains can be treated 
by the same method. 

Our approach for deriving such results is to combine the strategies of Robbiano-Zuily in |30j and 
Aloui-Khenissi in [3]. [20]. 

In order to state our results, we give several notations and assumptions. 
Let if be a compact obstacle in M. d whose complement SI an open set with < ^°° boundary dSl and P 
be a second-order differential operator of the form 

P= E D Ab Jk D k ) + V(x), Dj = 1, (1.3) 
j,k=i 3 

where coefficients V k and V are assumed to be in < ^" x '(W i ), real valued, and V k = b J , 1 < j, 
k <d. 

Throughout this paper, (x) := (1 + |a;| 2 )2 and we denote by Sn(M,g) the Hdrmandcr's class of 
symbols if M is a weight and the metric 

dx 2 ae 

g = — k H 

We shall denote by p the principal symbol of P, namely 

d 

P (x,o= E ^(x)^, 

and we assume that 

3 c> :p(x,£) > c|^| 2 , for x in R d and ^ in R d , (1.4) 

j (i) V k G Sa(l,g), V x V k (x) = o(^), \x\ -> +oo, 1 < k < d. 
I (ii) V G Sfi((x) ,g), V > —Co for some positive constant Co. 

Under the assumptions (|1.4[) and (|1.5|) . the operator P is essentially self-adjoint on ^ °°(f2) and 
we denote by P its self-adjoint extension. 
Now we set 

A = ((1 + C )M + P) 1/2 , 

which is well defined by functional calculus of self-adjoint positive operators. 
We consider the following regularized Schrodinger equation 

(D t + P)u - iaAau = f in ]0, +00) x Q 

u = on [0, +00) x dfl, (1-6) 
U|t=0 = "o, 
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where (u ,f) € ^ °°(O) x ^QO, +00) x ft) and a € < ^o°°(^)- 

Let's recall the Exterior Geometric Control (E.G.C.) condition [5] 

Definition 1.1 (E.G.C.)- Let R > be such that K C Br = {|ar| < i?} and wbea subset of ft. We 
say that lo verifies the Exterior Geometric Control condition on Br (E.G.C.) if there exists Tr > 
such that every generalized bicharacteristic 7 starting from Br at time t — 0, is such that: 

• 7 leaves R + x Br before the time Tr, or 

• 7 meets K + x oj between the times and Tr. 

We assume also that the bicaractcristics have no contact of infinite order with the boundary (see, 
for a precise statement, Definition I2.11[) . 

Under this condition on lo = {x € ft, a 2 (x) > 0}, we can state our main result. 

Theorem 1.2. Let T > 0, a e (-1/2,1/2) and s £ (1/2,1]. Let P defined by iTO)) satisfying 
the assumptions {l-4\ ) and il.5\) . Then under, the E.G.C on lo one can find a positive constant 
C(T, a, s) = C such that 



T 



A a+l/2, 



X) 



dt+ sup ||A a «(t)||i a(n) <<7 \\A a u \\ 2 L2{a) + / h a ~ 1 / 2 {x) s f 



dt 



(1.7) 

for all uq in ^^(il), f in ^^(O x K + ), where u denotes the solution of il.6}) . 

Working with u = e l ^ 1+Co ' )t u, one may assume V > 1 in (|1.5[) and A = P 1 / 2 , which will be 
assumed in the sequel. It turns into the following equation 

(D t + P)u - iaP 1 / 2 au = f in [0, +00) x f2 

u = on [0, 00) x dfl, (1-8) 
u\ t =o = "o, 

where P > 1. 

Remarks 1.3. 

1. When the obstacle is nontrapping, we obtain the result of Robbiano Zuily [50] by taking 
a(x) = and moreover, we improve their result to non homogenous bound. 

2. If we consider the equation in a bounded domain fi of M. d , and replace the exterior geometric 
condition (E.G.C) by the classical microlocal condition of Bardos-Lebeau-Rauch [B], we can 
still prove the Kato-effect and then we improve the result of Aloui [5] ■ 

3. If there is a trapped ray which does not intersect the regularized region, due to Burq [TU], the 
Kato-effect does not hold. In this context, our result is thus optimal. 

The rest of the paper is organized as follows: Section [5] is devoted to the proof of Theorem 11.21 
while in the Section [X] we shall prove some Lemmata used in Section [2] 



2 Proofs 

Let's describe the strategy of the proof of theorem 1.2. In a first step, we reduce the estimate (|1.7[) 
to an analogue one localized in frequencies. By following a contradiction argument, we can construct 
an adapted microlocal defect measure. Our aim in the rest of the proof is to obtain a contradiction 
on this measure. First, we prove that this measure is not identically null. Next, we show that it is 
null on incoming set and on {a 2 > 0}. Finaly, using the geometrical assumption (E.G.C.) and that 
the support of this measure is propagated along the generalized flow, we conclude that the measure 
is identically null. This gives the contradiction. 
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2.1 Reduction to an estimate localized in frequency 

We recall the Palcy-Littlcwood decomposition. Let $ £ ^"([O, +00)) be a decreasing function such 
that 

$(s) = 1 if s < 1/2, $(s) = if s > 1. 
Let ^>(s) = $(4 _1 s) - $(s), -0(s) = if s < 1/2 or s > 4, < V> < 1. For s > we have 

1 = *(*) + 5^(4-"*), 

n=0 

and using P > 1, we have 

+00 

u = ^~ n P)u. 

n=Q 

For support reason 

ijj(4- n s)ip(4- k s) = if \k - n\ > 2, 
thus there exists C > such that for all u £ L 2 (il), 

+00 

h\\Uu) <cJ2\m- n P)u\\ 2 L2m < c 2 \\u\\ 2 L2{ny 

n=0 

In the sequel we denote by h n = 2~™ and u n = Uh„ = ip(h 2 l P)u. 
If u satisfies 

D t u + Pu-iaP 1/2 {au) = f, (2.1) 
thus u n is a solution of the following semi-classical Schrodingcr equation: 

h 2 n (D t + P)u n - ih n a(hlP) 1/2 (au n ) = h n g n , (2.2) 

where 

9n = 9h n = h n ^{h 2 n P)f + i[^{hlP),a){hlPf/\au) + ia(h 2 n P)^ 2 [^h 2 n P) ia }u. (2.3) 

Proposition 2.1. Let s £ (1/2, 1], T > and a e (-1/2,1/2). Assume there exists C > swc/i 
i/iai /or u„ = ^/>(/i^P)u satisfying (|2.2p , we ftaue, /or a/1 n > 1 



(2.5) 



> (2-4) 

i/ien i/iere exists C > sitc/i i/iai /or a// u satisfying (|2.1[) we /iaue 

||p a /3+ l/4 (a;> -. u ||2 + sup |,p Q /2 uW ||2 

tG[0,T] 

< c (||p Q / 2 u (o)||| 2(n) + ||p Q/2 - 1/4 <z)7lli 2([ o,T]xn) 

Proof. We multiply flOJ by /i~ 2q_1 and we sum over n £ N, we obtain, 

^^T 2q_1 II(^) _s "«||!2 ([0iT]xO) + ^^ 2q sup ||u„(t)|| 2 2(0) 

< C ( E^ 2Q |l^(0)l| 2 L2( o) + E^ 2 ^ 1 |l<^> s 5«lli 2 ( [ o,T]xO) J ■ 
Now, let us estimate each term appearing in inequality (|2.5[) . We have, 

sup \\P a/2 u{t)\\l H n) <C sup ]T U(h 2 n P)P a/2 u(t)\\h m 
te[o,T] 

<C sup Y, h n 2a \\MhlP)u{t)\\\. m where ^(tr) = a a '\{a) 
<cY^K 2a sup ||^(/4P)«(t)||i 3(n) . (2.7) 



(2.6) 
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We have also with Vi(ct) = a a / 2+1 ^ip(a) , 

||p O[ / a +i/ 4(a . > - tt ,|2 a([0i3ixn) < C^^-'ll^xC^i'X^-'ulli-ao.rixn) 

riGN 

< CX;^ 2a_1 |K»)"'V'(^)«lli»([o,Tlxn)( b y LcmmaES]) 
<CX;/»n 2a " 1 IK»>"*«»lli»([o,nKn)- ( 2 -8) 



riGN 



Now we can estimate, with 1^2 (c) = cr a ' 2 ip{cr), 

E h n 2a K(0)lli» ( n) < ll^(^P)P a/2 «(0)||i 3(n) 

riGN n£N 

<C\\P a /M0)\\h { ay (2-9) 
The term contains three terms (see 1)2.30 ). For the first, we have, with ip3{a) = ct _q / 2+1 / 4 -0(c), 



Y,K 2a+1 \\(x) s ^(hiP)f\\i 2mT]xn) <Y,K 2a+1 \miP){ X yf\\ 



2 

li 2 ([o,T]xn) 



<C'X;ilV'3(^P)i ,a/2 - 1/4 <a:)V||i>( [ o,rixn) 

nGN 

<C||F"/ 2 - 1 / 4 (x)V||| 2(M xO ) - (2-10) 
For the second and the third terms of g n we can apply the Lemmata IA.9I and IA.111 to obtain with 

urn, 

E^'IK^^II^Clo.Tixn) < C||P Q/2 - 1/4 (.T) s /||| 2([0iT])<n) + C\\P a ^u\\h il o,T ] xny (2.11) 

Then following (JZBJ ([277]) . (|2~51) . (123)) and (|2~TT|) . we obtain 

||P»/a+V4( x )- tt ||2 + sup || P «/2 uW ||2 

te[o,T] 

< C (||WVo)|| 2 2(n) + ||P Q/2 - 1/4 (x)Vlli 2([0 ,T]xo) + ll^ /2 «ll^ ([ o,T]xn)) • 
By Gronwall's Lemma, we can remove the last term in the previous inequality and we obtain (12.51) . 



2.2 Construction of microlocal defect measure 



In this section we will prove the localized frequency estimate (|2.4p by a contradiction argument and 
using microlocal defect measure. 
More precisely, let Uh solution of 

h 2 (D t + P)u h - iha(h 2 P) 1/2 {au h ) = hg h . (2.12) 

We will prove by contradiction the following estimate, 

\\(x)~ s u h \\ 2 L2{[ ^ T]xn) +h sup \\u h (t)\\ 2 L2{n) < Ch\\u h (0)\\ 2 L2 , n) +C\\(x) s g h \\ 2 L 2 {[0tT]xn) . (2.13) 

te[o,T] 

Assuming it is false. Taking C = k £ N, wc deduce sequences hk — > 0, u° = Ufe fe (0) £ L 2 (il) 

k— >-f oo 

and <7fc = <?/ lfc £ L 2 (f2) such that, 

^KII^q)^, ' H< !B >"5*llL a ([0,Tixn) fc ^ oo 0- (2- 14 ) 



We normalize by the left term in (|2.13p . thus 



[x) a u k 



2 2 
L 2 ([0,T]xfi) te[0,T] ^ ; 



where, for simplicity, we have denoted u^ fc = u k - By the Lemma I A. II we have 



h k sup \\u k (t)\\ 2 L2{n) -> 0, (2.15) 
te[o,T] fc->+oo 



then 

-> 1. (2.16) 

L 2 ([0,T]xSl) fc^ + oo 



2 /TB /2 



The sequence (ufe) is bounded in Lf oc (R t , Lj oc (0)). Indeed, for i? > , there exists c > such that 
(x)~ 2s > c, Vx G B(0,R) and then we have 

u k \ 2 dtdx<- / (x)" 2s |tt fe | 2 dfdx < -. (2.17) 
o JnnB R c Jo JnnB a c 

We set 

w fc = lfiitfc(i) 



(2.18) 

It follows from ([2~T7)l that the sequence (W k ) is bounded in L 2 (R u L 2 oc (R d )) . 

We associate to a symbol 6 = t,£, r) G < ^' oo (T*]R d+1 ) the semiclassical pseudo-differential opera- 
tor (pdo) by the formula 

Op(b)(y,s,hD x ,h 2 D t )v(x,t) = ^ly+i J J e { ^^ T ^(y)b(x,t^,T)v(y, S )dydsd^dT, 

where (p e c /a^°(R d ) is equal to one on a neighborhood of the ^-projection of the support of b. As in 
[30] we can associate to (Wk) a semi-classical measure /x. More precisely, 

Proposition 2.2. There exists a subsequence (W a ^) and a Radon measure [i on T*R d+l such that 
for every b € (T*M. d+1 ) one has 

We prove first that the measure /i satisfies the following property. 

Proposition 2.3. The support of fi is contained in the characteristic set of the operator D t + P 

£ = {{x, t, £, r) G T*R d+1 : x G O, t G [0, T] and r + p(x, 0=0}. (2.19) 

Proof. According to (|2.18[) , it is obvious that 

supp// C {(x,i,£,r) G T*M d+1 : x eQ,t e [0,T]}. 

Therefore it remains to show that if mo = (xo, to, £oj T o) with x$ G fMo £ [0, T], and T +p(x , £ ) 7^ 
then mo ^ supp//. For simplicity, we shall denote the sequence W a ( k ) by W k . 

Case 1. Assume that xo G O. 

Let e > be such that B(x ,e) C Cl, <p G ^ °°(B(xo,£)), V = 1 on B(x , f) and £ G ^q 00 ^)' 
= 1 on supp </?. Let 6 G ? °°(lf x R|) such that 7T X supp 6 C B(sc , §) and x G ^o°°( R t x Recall 
that we have W k = l[o,T]ln u fc an d that (u k ) is bounded sequence in L 2 ([0,T], L 2 oc (£l)). We set 

Z fe = (b(x, h k D x ) X (t, h 2 D t )if(x)h 2 (D t + P(x, D x ))W k ,(pW k ) LHR 4+iy 
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As in [301 we have 



lim I k = (fi,(T + p)b X ). (2.20) 

k— ^+00 



On the other hand, since we have 

h\{D t + P(x, D x ))u k = h k ia(h 2 k P) 1/2 au k + h k g k , 

and ip € 

<p(hlD t + h 2 P{x, D x ))W k = yiihkaihlPf^aUh + h k g k ) + h 2 ^(u k {0)S t=0 - h 2 u k {T)5 t=T ). (2.21) 
Then I k is a sum of four terms, 

I k =ll+I 2 +Il + It 

11 = ih k (b(x, h k D x ) x {t, h 2 k D t )(p(x)a(h 2 k P)^ 2 au k , <pW k ) 

1 2 = h k (b(x, h k D x ) x(t, h 2 k D t )ip(x)g k ,'fW k ) L 2 {Wi d + i } 
Ik = (b( x i h kD x )x(t,h 2 k D t )h 2 k ip(x)uk(0)S t=0 ,ifWk) L 2 {R d + 
II = -(b(x,h k D x )x(t,h 2 k D t )h 2 <p(x)u k (T)6 t=T ,<pW k ) 

For the first term I k , we use the Lemma lA. 61 we have, 

{h 2 Pfl 2 au k L2{n) <Ch 2 \\u k \\ 2 L2{n) +C\\au k \\ 

L 2 (fi)' (2.22) 

and we deduce, 

\ll\<c(h 2 sup \\u k \\l Hn) + h k sup \\u k \\ 2 LHn) ). (2.23) 
te[o,T] te[o,r] 

Then we obtain, that I k goes to zero by (|2.15[) . For the second term I 2 , 

\h\ ^ h k l|5fc|lL2([0,T],B(a!o,e)) II & W *> " L^+i) 

(x)~ s U k 



<Ch k \\(x)g k \\ 
Using (|2T4)) and (j2~16|) . we deduce that 



L 2 ([0,T]xn) 



lim I A k = 0. (2.24) 

k— >-+oo 



The third and fourth terms in (|2.21[) have the following form, 

1 L 2 {R d + 



J k = (b(x, h k D x )x(t, h 2 k D t )iphlu k (s)6 t=s ,ifW k ) L2 d+1) , s = or T. 



Since (<pW k ) is bounded in L 2 (R d+1 ), we see that 
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\J k \ <c\\btpw k (s)\\ L2(m \\h k x(t,h k D t )5 t = s \\ L2( ) sup \\u k (t)\\ L2(Q) , 

y ' te[o,T] 

so, using [301 Lemma A. 5] with p = 2 and I = 2, we deduce that, 

\Jk\ 2 < chl \\u k (s)\\ 2 L2m sup \\u k (t)\\ 2 L 2 m < ch\ sup ||u fc (t)||^ 2(0) . (2.25) 
te[o,T] te[o,T] 

It follows from (J223J), ([2~^4]) . (|2~2l3]) and ([235]) that 

lim /fe = 0. (2.26) 

As the linear combination of x(i, r)b(x, £) arc dense in ^ °° (T* (M d+1 )) , using (|2T2"0"|) and (g^U), we 
deduce that mo = (xq, io> £0, To) ^ supp/x. 
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Case 2. Assume that xq G dfl. 

We would like to show that one can find a neighborhood U Xo of xq in M. d such that for any 

b G ^rfC^o x R ( x 1^ x l r ), we have 

(H,(r+p)b)=0. (2.27) 

Indeed this will imply that the point mo(xo,ta,£o,Ta) (with to + (xoi£o) ^ 0) does not belong to the 
support of jj, as claimed. Formula (|2.27p will be implied, by 

{lim I k = where 
4= (6(x,t,/ lfe 2 fe A)^(A + P)^,^) L2(Rti+1) . l ' ' 

where ip G ^^(Uxq), <f = 1 on w x suppfr. Let U Xo a neighborhood of xq such that there exists a 
diffeomorphisme F from C/x to a neighborhood Uq of the origin in M d satisfying, 

F(C4 n O) = e c/ : yi > 0} 

F(f4 n an) = {y£U o :yi = 0} (2.29) 
D)W k ) o f- 1 = (£>? + R(y, D') + L(x, D)){W k a F" 1 ), 

where R is a second-order differential operator, D' = (D2, Dj) and L(x, D) a first order differential 
operator. Let us set 

V k =U k oF~ 1 , V k = l[0,T]lyi>0«fe) (2.30) 

then we will have 

(D t + D\ + R(y, D<) + L(x, D)) v k = iaP 1 ' 2 (au k ) o F^ 1 + h^g k o F" 1 := / fc 3 
Wfc| ai =o = 0. 

Making the change of variable x = F _1 (y) on the right-hand side of the second line of (|2.28[) . we 
see that 

h = (b(y, t, h k D y , h 2 k Dt)il>hl (D t + D\ + R(y ,D') + L(x ,D))V k ,V k ) 

\ / L 2 (K d + 1 ) 

where b G ^§°(U X R t X x R r ), and i> G C ^(U ), tp = 1 on 7r y supp6. To prove (|2~28| it is 
sufficient to prove that, 

lim J k = lim (TMyi)My')hl(D t + Di + R(y,D') + L(x,D))V kl V k ) L =0, 

fc— >+oo fc^+oo ' V s - I 

where T = %i, h k D x )<S>(y' , h k D') X (t, h 2 D t ), 6<5> X G ^ °°(f/o x K t x R^ x K T ), Vo^-i G ^(^o), 
ipoipi = 1 on % supp 0$x; According to f)2.31[) we have, 

(A + £>? + R(y, D') + L{x, D))V k = f k - il yi>o v k (0, .)5t=o + iVx^CT, .)<5 t=T 

- «l[0,T](£>lWfc|yi=o) ® S yi=0 . 

Therefore (|2 . 28[) will be proved if we can prove that 
lim A{ = 0, j = 1,2,3, where 

fc— >-+oo 

A\ = (6(y u h k D 1 )^(y > , h k D') X (t, h 2 D t )Mih 2 k l yi>0 v k (s, .)5 t=s , V k ) , s = 0, T, 
A* = (fl( W ,ft fc i?i)*(^/ifcZ30x(t,/ifcA)^V'i^l[o,2i(^it;fc|» 1 =o)® S yi =o,V k ) , 
[ A| = (eiyuhkD^y^hkD^hlDt^o^hlf^Vk) . 

As in [301 A. 18] 

lim A\ = 0. (2.33) 

fc— >+oo 

To estimate the term A\ we need a Lemma. With U§ introduced in (|2.29[) . we set Uq = {y G Uq : 
yi > 0}. We consider a smooth solution of the problem: 

(D t + D\ + R(y, D') + L(x, D)) u = g in U+ x R t 
u| yi =o = 
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Lemma 2.4. Let \ € c ^^°(Uo) and X i G ^o°(Uo) Xi = 1 on suppx- There exists C > suc/i i/iat 
/or any solution u of {2.3$ and all h in ]0, 1], we /iai>e 



(x^ lU ) lw=0 (t)|r 2 df<c / T £ ii X i(^r^)iii 2(C /+)^ 

\ ^ i „.i^-i 

/i*(/i#iu)(0) 



|q|<1 



^x«(o)| 




i 2 (y + ) 




i 2 (^o + ) 



hi(hd lU )(T) 



\xihg\\ 



L- 



Proof of the Lemma. It is analogue to the proof of J30J Lemma A. 6]. ■ 
We replace in the previous Lemma g by iaP 1 ' 2 (au k ) ° F^ 1 + hZ gu ° F -1 and by (|2.30[) . we obtain 
easily the following corollary. 



Corollary 2.5. One can find a constant C > such that 



/ {xhkdiv k ) lyi=0 (t) 
Jo 



L- 



dt<C 



\xu k {t)\ 



L 2 (i1) 
2p\l/2 



dt 



hl /2 u k (0) 



L 2 (Q) 



dt 



X a{hiPY"au k ^ + \\ X g k \\i, ) dt 



<C, 



where v k has been defined in 12. 30]) and X G c ^^° (M. d ) . 

Let us go back to the estimate of A\ defined in (|2.32j) . We have 

\A 2 k \ 2 <Ch 2 k \\9( Vl , /ifcD 1 )<5 wl =o|lL 8(R) ||(^fc)ll^(R-+i) / ||(^i^A«fc)|vi=o(t) 

*/ 

Applying (|2.17j) . [30| Lemma A. 5] with p = 2, Z = 1 and corollary [231 wc obtain 

\A\\ < ch k — > 0. 

The term can be treated as the first and the second term in the case 1. 

Using (|233)) and ([235]) . wc deduce (pE32]) . which implies (pT28|) thus (f2T27|) . The proof of Proposi- 
tion is complete. ■ 



dt. 



(2.35) 



2.3 The microlocal defect measure does not vanish identically 

First let us prove that the sequence (u k ) have mass in a compact domain. 
Lemma 2.6. There exists a subsequence k v , there exists R > such that 

ll«fe»(*)llia(xen, M<-R)^ ^ V 2 - 



Proof of Lemma. We prove the Lemma by contradiction. Assume that 

rT 



Vi? > i? , limsup / \\u k (t)f L2{xen \ x \ <2R+ i)dt < 3/4, 
fc Jo 



(2.36) 



where i?o is large enough such that suppa C {|x| < Rq/2}. 

Let x G ^°°(K d ) such that x = 1 for |x| > 2 and x = for |x| < 1. We set X r(x) = x{x/R) and 
by the choice of Rq we have axn = XR a = . The function := XR u k satisfies 



D t v k + Pv k = h k 1 XR9k + [P, Xft]Mfe- 



10 



From [T|)J Theorem 2.8], we have 



L 2 (R d ) < C(ll- E '-i w fe(0)llL2 (Rt i) + J \\(x) s E-i (h k 1 XRgk + [P,xn]uk) |li 2 (R d )^): 

(2.37) 

where E s is the pseudo-differential operator with symbol e s = (1 +p(x, £) + \x\ 2 )^ which belongs to 

sm+<x>r, 9 ). 

For the first term of the right hand side of (|2.37[) we have, where (•, ■) means the scalar product 
in L 2 {Q), 



2 



||£_i^(o)||£ 2 = h k \\E_ iX RPHhiP)-*MKPMKPMu)\\v>, 

= h k (SMhlP)uk(0),SMhlP)u k (0)), where S = E_i XR pi, and i/> 2 (t) = t~fyi 
= h k (MhlP)S*S4> 2 (h 2 k P)u k (0), u fc (0)) 

= ft fe (V2(^P)(^P)-^QXfi(^P)^2(/l|P)w fe (0),« fe (0)) 

< (7^11^(0)111,, 

where G ^(O, +oo) and ^ = 1 on supp(V>), S*S = P~?QxrP*, Q = P^XrA-i, and A_i = 
E* 1 E_i. We have used that the operator Q is bounded from L 2 (M. d ) to L 2 (f2) (see [301 Lemma 

2 2 

4.2]). 

Then from (|2.15[) . we deduce that 

lim \\E.v k {Q)\\l> =0. (2.38) 

A;— » + oo 2 

Concerning the term / \\{x) s E-\h k XRgkW^dt, we will prove that it tends to zero. 
Jo 

Let € ^^(R), such that ipi = 1 on suppV>- 

Since %pi{h\P)u k = u k then applying 1 — t/ji(h 2 P) to Formula (|2 . 12[) . we obtain 

Using that XR a — 0, we have 

h^XRM = h^XRMhtP^k+iK'xRMhlPHhlPy^auk. 

And then 

T 

WixyE^h^xngkWl.dt 

< f \\{x) s E_ l XRh k - l MhlP)g k \\ 2 dt+ C UxYE^XRh^MhlP^ihlPf^au^dt 







JO 
T i-T 



< / ||(x) s S_ 1 XKP 1/2 ^2(^P)5 fe || 2 ^+ / \\{x) s E_ lXR hl 1 ^{hlP)a{hlP) 1 l i au k fdt, 
Jo Jo 

where ip 2 (t) = t^ 1 / 2 ipi (t). We have, 

/ || {x) s E^x R P l/2 Mh 2 k P)g k \\ 2 dt <I + n, (2.39) 
Jo 



10 

where 

i-T 



o 

and 

I-T 



{xYE^{xr s XRP 1,2 MhlP){x) s g k \\ 2 dt 

ii = h^ 2 \ \\{xYE^XR{(h 2 k pf' 2 Mh 2 k P)Axr s m s gk\\ 2 dt. 
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It follows that the symbol of (x) s E^ 1 (x)- s belongs to S((\£\ + (x))- 1 ) then (x) s E- 1 (x)- s xrP 1/2 is 
bounded on L 2 (f2) (see [3U1 Lemma 4.2]) and we have 



T 

8„_ \\2, 



I<C \\{x)'g k \\ J dt t 
Jo 

According to LemmaEU h^ 1 (^[(^P) 1 / 2 ^^), (x) s ] is bounded on L 2 {Vt) and we get 

n<c [ \\(xy 9k \\ 2 dt. 

To estimate 



T \\(x) s E^ XR h^MhlP)a(hlP) 1/2 au k \\ 2 dt, 

o 

we have with 1^2 (s) = s _1- 0i(s) and x a smooth function such that, X = 1 f° r M > 1 an d X = f° r 

M < 1/2, xh(i) = x(x/R), 

(x} s E^ lX Rh^Mh 2 k P)a = (x) s E_ lXR Ph k Mh 2 k P)a = (x) s E„ lXR Px R hkMh 2 k P)a 

= {xYE^{x)- s XR P 1 l 2 {hlPfl 2 {xY[ XR ,MhlP)]a 
+ (x) s E^(x)- s XR[(x) s ,P]xRh k [Mf4P),a}, (2.40) 

where we have used a XR = if R large enough. 

By the [30l Lemma A. 5] and Lemma [A. 31 the first term of (|2.40[) is bounded on L 2 (H) by Ch k . 
As [(x) s ,P] is a sum of term ad Xj where a is bounded, (x) s E-i(x)~ s Xr [(x) s , P] is bounded on 
L 2 (fi), and {ip 2 (h 2 k P),a} is bounded on L 2 (fl) by [3DJ Lemma 6.3]. Then the second term of flUD]) 
is bounded on L 2 (il) by Ch k . Finally, we yield by Lemma TA. 61 

T \\(x) s E- lXR h^MhlPMh 2 P) 1 / 2 au k \\ 2 dt<C R h 2 [ T \\(h 2 P)^ 2 au k \\ 2 dt 
Jo 

<C R h 2 sup \\u k (t,.)\\ 2 . (2.41) 
te[o,x] 

According to (|2.14p and (|2.15|) . we conclude that the second term of the right hand side of (|2,37[) 
goes to zeros when k tend to +00 

lim f \\{x) s E- 1 h k r 1 X Rg k \\l 2 dt = 0. (2.42) 
Jo 

Now we estimate the term / || (x) s E-x [P, X R]u k \\ 2 L 2 dt. 

Let xi G tf$°(R-l < \x\ <2R + l), Xl > Q, X i = 1 on supp(Vx fl ), 

\\(x) s E^[P, X R}u k \\ 2 L2 )dt < [ \\{x) s xiE^[P,XR]xmk\\\ 2 L 2 (n) dt 

Jo 

T 



+ / \\{x) s {i - x^E-AP.XR^mAWh^dt, 







< CR 2 ^ f \\u k \\ 2 L2{R _ 1<xl<2R+1) dt < CR 2 ^\ (2.43) 
Jo 

where we have used, first that E-\d x is bounded on L 2 , (x) s is estimate by CR S on support of xi 
and d x XR is the product of a bounded function by i? -1 , second, the symbol of (x) s (l — xi)E-i[P,Xr] 
is uniformly bounded in R~ 1 S(((x) + \£,\)~ N ,g) for all N. The last inequality uses the contradiction 
assumption (|2.36[) . 
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Following (EST)), 42311), 4H2D and 42131), we have, 

£ \\{x)- s u k \\l 2{lx>2R) dt < £ \\(x)- s v k \\l 2(Rd) < CnA + CR 2 ^, 
where 6 k — > when k — > +oo, C is independent of R and Ci? may depend of R. Then we have 



ll M fc|li 2 0efi, |a;|<2fl) ^ / II ( X ) SM feHl 2 ( 



x£n, \x\<2R) 



> I \\( x ) s uk\\h( x£ n) - / llfc) s uk\\ 2 L 2 {M>2R} 







> / IK^-ufcHi.^-c^fc-c^- 1 ). 

Jo 

This with (|2.16p implies a contradiction with (|2.36[) and proves the Lemma. ■ 
In the sequel, for simplicity, we shall denote the sequence u kv found in Lemma 12.61 by u k . Thus 
there exist Rq > 0, fco > such that 

\Wk{t)f L2 n x < <m dt > 1 



\L 2 (\x\<R) uu 2' 



when R > Rq and fc > fco- 

We consider xi G ^(B^) such that 



< Xi < 1, xi(«) = 1 if M < R i + 2 and suppxi C {\x\ < R 1 + 3}, 

with R 1 > R . 

Let A>1,R> 1, S <fo G ^(E) be such that < Va, </>i? < 1 and 

V-a(t) = 1 if |r| < A, fl (t) = 1 if \t\ < R. 
We recall that Wk{t) = lsiUfc(t). 

Proposition 2.7. There exist positive constants A$, Rq, fco such that 

\\ipA(hlD t )<p B XhlA)l [0 ^ T] xiw k {t)\\l 2{nd) dt > i, 
when A > A , R > R , k > fc . 

Corollary 2.8. The measure fi does not vanish identically. 

Proof of Proposition . Set / = (Id - tpA(h 2 k D t ))l[ ^x\u k is easy 

to see that $ e L°°(R) and |^(r)| < ^ for all t£I. 



We have 



/ = VA(/lfe-Dt)/lfcA(l[0,T]Xl^fe) 



= ^i>A(htD t )xi(u k {0)5 t=0 - u k (T)5 t = T ) 
i 

TpA(hlD t )xil[o,T](-h 2 k Pu k + ih k a(h 2 k P) 1/2 au k + h k g k ) 
= Bl+B 2 +Bl + Bl 

From [3Ql See the proof of Proposition 6.1] we know that \\ipA(hlD t )5t = a\\ L 2 (m) < Ch k , then we 
deduce that 

l™ / ||^||| 2(n) *< lim ^ 4 fe ^ 2 (|| Mfe (0)||i 2(fi) + || Ufc (T)||i 2(o) )=0. 
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Using (|2.22[) and (|2.15p . we can prove easily that 

k— >-\-00 

From (|2.14p we can see that 



lim f \\Bl\\l, [u) dt<C lirn C h k \\(h 2 P) l ' 2 au k \\ 2 L 2{n) dt = 0. 



lim / \\Bt\\l Hn) dt<C lim / ||xiff fc ||| 2(0 )^ = 0. 

Now, for B 2 we argue as in [30l See the proof of Proposition 6.1]. Let 9 € 'tg^ o (0, +oo) such 9 = 1 on 
the support of ?/> and let 9i(s) = s9(s). We have 

B 2 = ^ A {h 2 k D t )xil %T ]hlP9{h 2 k P)u k 

= -i> A (h 2 k D t )l [0 , T] [xiMhlP)]u k - MhlD t )l l0>n ei(hlP)xiu k . 

Using Lemma 6.3 in [30] and the fact that 

HA(h 2 k D t )\\ L 2 m ^ L 2 {m =oW, ||0i(^P)||i»(n)->L»(n) = 0(1), 
uniformly in k, we deduce that 



1 ' T 



|^||i 2(n) eft < <7(/4 jup \\u k (t)\\i 2m dt+j I \\ X iu k \\ 2 L2m dt). 



Taking k and A sufficiently large we obtain 

1 r„ ^V,V!,,(tM\ 2 „.^ J .dt > 



U A (h 2 D t )l %T]X iw k {t)\\ 2 L2(nd) dt > \. (2.44) 



Now, we set 

II = (Id - Mhl&))^A(h 2 D t )l [0 , T] xiw k . 

It is proved in £30] that 

ljll\\ 2 L2{Md) dt<^(l + h 2 ), (2.45) 

where Cf^ depends on Ri and The proof does not depend on the equation, so it remains valid in 
our case. Nevertheless we recall the proof in the sequel for the convenience of the reader. Before we 
give the end of the proof of proposition 2.7. 

Taking R sufficiently large and using (|2.44[) . we obtain 

E (/i|A)V'A(/lfeA)l[0,T]Xl^fe(*)lli2(R<i ) ^ > i. 

Return to the proof of (H203). We have I 1 ~ <M*)I < C^i then we obtain, 

v R 

^l|n||| 2(Ri) *<c^^^||9^A(^A)i[o I T]Xi^||i 2(Rd) ^ 

C% I Yl \\^A(hiD t )l [0iT]X iu k \\ 2 L2{Q) dt 
u Jwt j 

J2 ( I ||a/(^p)^(/ 1 2 fe A)i [ o,T]xi" fe |li 2 (o)^ 



< 



< k 



R 

3 



+ / \\d J (l-9(h 2 P))Mh 2 D t )l [0 . T]X iu k \\ 2 L2{Q) dt 
Jr 

§(^ + C fc 2 ), (2.46) 
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where 9 G tf °°(M.) satisfying 9{t) = 1 if t G supp(0i) and 06>i = 9 X . 
We have by Lemma 6.3 [3U] 

< Chf [ \\xiu k \\ 2 LHn) dt < chf, (2.47) 
Jo 

and 

c 2 k < [ ||a,-[e(^p),xi]^(^i>t)i[o,Tixiu fc ||i a(n) d« 

< / ||-0A(/ilA)l[o,T]XiWfe||^m)* 

JR 

< C / T ||xi^|| 2 L2( o)^ < C Rl [ T \\(x)- s u k \\ 2 L2{n) dt, (2.48) 

Jo Jo 

where xi G jf °°(fl ) , %i = 1 on supp (xi). 

Combining (|2T46)) . ([2^47]) and (j2~48|) . we obtain (|!05|) . ■ 

2.4 The microlocal defect measure vanishes in the incoming set 

In this section we prove that the microlocal defect measure [i vanishes in the incoming set. 

First remind some notation introduced in |30j section 7. We keep the same notation when it is 
possible. 

We denote by 

d 

'<;•<•• o v k (x>jtk- 

j,k=i 

Proposition 2.9. Let mo = (%o, to, £0 r ) G T*(R d+1 ) be such £ ^ 0, T Q +p(x ,£,o) = 0, |xo| > 3i?,o, 
b(xo,£,o) < — 3<5|rcro I l^o I f or some S > smaH enough. Then mo ^ supp/x. 

We remind the results proved in [30] in section 7, Lemma 7.5 and Corollary 7.6. A part of the 
proof is in Doi [15]. We use the Weyl quantification of symbol which is denoted by Op w . 

There exist a symbol $ G S(l,g) such that < $ < 1 and a symbol Ai G 5(1, g) such that, 

suppA! c su PP $ c {(*,£) G T*(R d ), \x\ > 2Ro, b(x,£) < \£\ > (2.49) 

{(x,Z) G T*(R d ), \x\ > \Ro, b(x,0 < -8\x\\Z\, |e| > ^} C {(x,£) G T*(R d ), = 1}, 

$(a;,ft£) = *(»,0 whcn > — , and < ft < 1, 
H p $>(x,£) < on the support of Ai, 
Ai >0, 

[P,<V(Ai)] - \0p w {H p \y) G Op w (S(l,g)), (2.50) 
there exist two positive constants C, C' such that, 

-H p \i > C(x)- 2s $ 2 (x,0(\x\ + |£|) - C'&{x,i). (2.51) 
Proof. Let tpi G ^°(R d ) such that 

ipttx) = 1 if \x\ < -i? , supp^x c {x, \x\ < ^R }. (2.52) 



Let M large enough such that, 



M 

\((l- ( p 1 )Op w (X 1 )(l- ( p 1 )u\u)\< Y \\u\\ 2 . 
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Here and in the sequel (-|-) and || • || denote the L 2 (£l) inner product and norm respectively. The 
cutoff make sense with this L 2 product. We set, 

N(t) = ((M - (1 - pi)Op(Ai)(l - <pi))u k (t)\u k (t)), 

and we have 

™\\u k (t)\\ 2 < N(t) < 2M\\u k (t)\\ 2 . (2.53) 
Setting A = AI - (1 - tpi)Op(Xi)(l - tpi), wc have, 



From (|2.12|) we have 
Wc obtain, 



j t N(t) = (Aj t u k (t)\u k (t)) + (Au k (t)\j t u k (t)). 



^-u k = -iPu k - h k 1 a{h 2 k P) 1/2 {au k ) + ih k 1 g k . 



^-N=(i[P,A]u k \u k ) 
at 



- ^ 1 (Ao(fc 2 P) 1 / 2 ou fc |ufc) - ^ 1 (Au fc | a (^p)i/2 aUfc ) 
+ ih^ 1 (Ag k \u k ) - ih^ l {Au k \g k ) 
=A 1 +A 2 +A 3 . (2.54) 

For support reasons, we have a(l — <pi) = thus we deduce, 

A 2 = -^-[{a{h 2 Pyi 2 {au k )\u k ) + (u k \a(h 2 P) ^(au k ))] 

(Ik 
9 M 

= --^\\{h 2 Pfl\au k )\\ 2 <Q. (2.55) 



We have, for a constant Ci > 



|A3|<^||(x) s .g fc ||||(x)- s Ufc ||. (2.56) 



To estimate we remark that [P, A] = [P, A] and 

[P, A] - [P,^]cy (A x )(l - 9l ) - (1 - pp™ (A X )](1 - ^i) + (1 - ^)0^(Ax)[P,^i]. (2.57) 

Following (|2.49p and (|2.52[) , the support of Ai and ipi are disjoint, thus, taking account of (|2.53p . we 
have 

\([[P,( Pl ]Op w {Xi){l - epi) + (1 - ipi)Op w (Xi)[P, ipi]]u k \u k )\ < C 2 N(t). (2.58) 

Let d(x,£) S < g 9 oo (R 2d ) supported in {\x - x \ < 1, |£ - £ | < 1}, and d(x ,£ ) = 1- According to 
(|2.50[) . (|2.5ip and Carding inequality, we get, 

H(l - ^)[P,Op w (Ai)](l - ^i)u fc |u fc ) > C 3 h k ^(xydix, h k D x )u k f - dN(t). (2.59) 
From (|2~57|) . (|2~551) and (|2~59")) wc obtain, 

Ai > Czh^xy'dfahtDJukf - C 5 N(t). (2.60) 
Following P3i|) . (j2~53|) . (|2"3o) and (|2TTO)) . wc have 

JV'(t) + C 3 ?ir 1 |Ka;)- s d(x, /i^KH 2 < 0(t) + C 6 N(t), (2.61) 
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where we have set 

/8(*) = ^ll<a:>*5*WII-ll^>"*«*(*)ll- 
hk 

Integrating (|2.61[) between and t for t £ [0, T] we obtain, 

N(t) + C 3 h^\\(x)~ s d{x,h k D x )u k \\ 2 L2{[0T]xn} < [ /3(t)dt + N(0) + C s [ N(s)ds. (2.62) 

Jo Jo 

By Gronwall's inequality we have for t £ [0, T], 

N(t)<C 7 [ (3{t)dt + C 8 N(0). (2.63) 



Using [gjgg} in |[Z52jl . we get 

||(z}~Xz,frfcAs)«fc|||2( [0>T ] xn) 

<C8ll(^) S 5fe||L2 ( [o : T]xfi)ll(^) _S '"A ; ||L2([0 : T]xf2) + C 9 /l fc || U fe (0) || | 2(n) . 

Following (f2~T4)) and (j2~T6)) we obtain 

\\{x)~ s d(x, h k D x )u k \\ 2 L 2^ 0tT ] X Q) -> when fc -> +00. 

Let x(t,r) e c <f °°(K 2 ) supported in a neighborhood sufficiently small around (to, To) and taking 
account that c? is supported in a neighborhood of (xo,£o)j we have 

\\x(t, h 2 k )d(x, h k D x )uk\\ L 2([o,T]xn) ~* when fc^ +00, 
then (fi, x 2 d 2 ) = thus (x ,t Q , £0, t ) supp /x. ■ 

2.5 The microlocal defect measure vanishes on {a 2 > 0} 

The goal of this section is to prove that the microlocal defect measure vanishes on {a 2 > 0}. More 
precisely we have the following proposition. 

Proposition 2.10. Let Uk = t/j(h 2 P)u satisfying 

h 2 (D t + P)u k - ih k a{h 2 P) l l 2 {au k ) = h k g kl (2.64) 

IK a; ) S 3fe|li2 ([0 . T]xO) +h k sup \\u k {t)\\ 2 L2(n) + h k -> 0, (2.65) 
' te[o,T] ^ ; fc^+oo 



and 

2 

:x> -itfe ->■ 1. (2.66) 

t 2 ([0,T]x!l) fc^ + oo 

,2 , 



We assume that the sequence (W k ) = (l[o,T]lfi u fc) admits a microlocal defect measure \x then a fi = 0. 

Proof. Taking the imaginary part of the L 2 ([0,T] x CI) inner product of (|2.64p with u k /h k , we 
obtain, 

9fm[(h fc (A + P)u fc |u fc ) - i(a(^P) 1/2 (aw fc )|u fc ) = 3m( 5fc | Ufc )- 

(2.67) 

Using that P is self-adjoint, we get 

' \D t \u k \ 2 dxdt)-((h 2 P^/ 2 ( 
Jn 



%m(hk I I -D t \u k \ 2 dxdt)-{{h 2 k P)^ 2 {au k )\au k )=^m{{x) s g k \{x)- s u k ). (2.68) 
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From (gjBH) and (gUJ), we have 
la Jn 

and 



h. 



k / D t \u k \ 2 dxdt = ihk\\u k (0)\\ 2 L 2 (a) - ih k \\u k (T)\\ 2 L2{n) -> 0, 



|((x) s fl' fe |(x) s u fc )| < ||(a;> s .9fe||L2(j2)!|(a;) s w fc |U^2) -> 0. 
Following (|2.68[) . we deduce 

((hlP)V 2 (au k )\au k ) -> 0. (2.69) 

fe— > + oo 

Let g ^o°((0, +oo)) with = 1 on the support of ip. Thus we have 9(h\P)uk = Ufc. Let 
0(i) = t-^eit), we have (9 e ^((0, +oo)) and, 

(au fc |au fc ) = (ae 2 (h 2 k P)u k \au k ) = (a(h 2 P)^ 2 9 2 (h 2 P)u k \au k ) 

= {{h 2 P) l l 2 ~6 2 {h 2 P)au k \au k ) + ([a, (h 2 P)V 2 6 2 (h 2 k P)]u k \au k ). (2.70) 

From Lemma 6.3 |30j . we have 

\\[a,(h 2 k P)y 2 e 2 (h 2 k P)]u k \\ LH n) < Ch k \\u k \\ LHn) . (2.71) 

We have also, 

((^P) 1/2 fl 2 (/»|i > )a« fc |o«*) = ||(^i') 1/4 ^P)o« fc ||i a([ o i ri xn) 

< ||(^,P)V4 aUfc ||2 (( ^ p) l/2 aUfc|aUfe) 0] (2 ?2) 

u 1 J y fe— >+ac 

from (|2~69| . Following (pTTOj) . (j2TT| and (j2~72)) . we obtain, 

(aufc|aufc) — ^ 0. (2.73) 
Let b(x,t,£,T) <G ^q x> (R < * x R x R d x R), we have by standard symbolic semi-classical calculus 

{a 2 {x)b(x,t,h k D x ,h 2 k D t )W k \W k ) =(b(x,t,h k D x ,h 2 D t )(aW k )\aW k ) 

+ h k (r(x, t, h k D X) h 2 D t )W k \W k ), (2.74) 

where r(x, t, h k D x ,h 2 k D t ) is bounded on L 2 ([0,T] x R d ). Thus from (gUSJ), we have, 

^|(r(x,t,/i fc ^,/i 2 fe A)VF fe |iy fc )| < CftfcHWfcllia^^a) ^^0. (2.75) 

From (|2.73|) and using ||aVF fc || 2 2(RxRd) = \\auk\\ 2 L 2^ _ T]xn) we obtain, 

\(b(x,t,hD x ,h 2 D t )(aW k )\aW k ) L 2 {RxRd) \ < C\\aW k \\ 2 L2(RxRd) 0. (2.76) 

According to the definition of the microlocal defect measure fx, (|2.74p . (|2.75[) and (|2.76p imply the 
Proposition 12.101 ■ 

2.6 Propagation properties of microlocal defect measure and end of proof 

The statement of our results requires some geometric notions which are classical in the microlocal 
study of boundary problems (cf. [IB] p. 424 and 430-432). 
Let M = Q, x R t . We set 

T 6 *M = T*M\{0} U T*dM\{0}. 
We have the natural restriction map 

7T : T*R^+ : -> T£M, 
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which is the identity on T*E^+ 1 \{0} (see [SU] for details). Consider, near a point of the boundary 
z = (xi,x',t) <G dM a geodesic system of coordinates given by the diffcomorphism F in (|2.29j) . for 
which z = (0, 0, t), M = {(xi,x', t),x\ > 0)} and the operator D t + P has the form (near z) 

P = D t + Dl i + R( Xl ,x', D x ,) + S(x, D x ), 

with R a second order tangential operator and S a first order operator. Denoting r(x\,x' ,£,') the 
principal symbol of R and ro = r\ Xl= o, the cotangent bundle to the boundary T*dM\{0} can be 
decomposed (in this coordinate system) as the disjoint union of the following regions: 

• the elliptic region £ = {(x',t,^',T) G T*dAI\{0}; r (x',£')+T> 0}, 

• the hyperbolic region U = {(x' , t, £' , t) £ T*dM\{0}; r (x', £') + r < 0}, 

• and the glancing region Q = {(x',t,g,T) G T*dM\{0}; r (x',g) + r = 0}. 

For the purpose of the proofs, it is important to consider the following subsets of the glancing 
region: 

• the diffractive region Q d = {( E Q , d Xl r\ Xl=0 (() < 0}, 

• the gliding region Q g = {( e G, d Xn r\ Xn=0 (Q) > 0}; we set G 2 =Gd { J G g , 

. and G k = {( E G,m o (d Xl r\ Xl=0 )(C) = 0, < j < k - 2, H^ 2 (d Xl r\ Xl=0 )(C) ^ 0} k > 3, 
where 

_ dro _d_ _ dro d_ 
r ° ~ d£' dx' dx' <9f 

Definition 2.11. We say that the bicaracteristics have no contact of infinite order with the boundary 
if G= |J G k - 

k=2 

Now, we recall the definition of v the measure on the boundary. By the Lemma l2.4[ we see that 
the sequence (l[ ,T]^fc(^f )) is bounded in L 2 (R t x L 2 (dfl)). Therefore with the notations in (|2.18[) 
and Proposition 12. 2[ we have the following Lemma. 

Lemma 2.12. There exists a subsequence (W <71 ^)) of(W rT fk)) and a Radon measure v on T*(d£lxR t ) 
such that for every b <G ^ a °(T*(dfl xE t )) we have 

lim (o P (b) (x,t, h n (fc) D x , h 2 ai w D t ) V {k) - , h ai [h) ) =(v,b). 

fc^+oo y \ /l l J L 2 {dnxM. t ) 

We give now two results on propagation of support of microlocal defect measure. The first, 
Proposition 12 . 1 31 for point inside T*M and the second, Proposition 12. 151 at the boundary of M. 

Proposition 2.13. Let tuq = (xq, £oj to, T o) G T*M and U ma be a neighborhood of this point in 
T*M. Then for every b € ^ (J7 m „ ) , we have 

(fx,H p b} = 0. (2.77) 

Proof. It is enough to prove (|2.77j) when b(x, t, £,t) = &(x, £)x(i, r) with n x supp<I> C V Xo C ft. 
Let cp € ^"(fi) be such that ip = 1 on V X(I . We introduce 

Ak = j^[{^{x, h k D x )x(t 7 h 2 k D t )Lph 2 k (D t + P)l [0 ^w k , l[o,T]^fe)i 2 (nxK,) 

- ($(x, h k D x )x(t, hlD t )ipl [0:T] w k , h 2 k (D t + P)l[o,T]Wk)^(nxK)]- 
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We claim that we have 



lim A k = 0. (2.78) 

k— )-+oo 



We have 



Ah = t-[($(x, hkD x )x(t,hlD t )(phl[D ti l[ 0iT \]w k ,l[o,T\Wk)L2(cixK) 

flfr 



- ($(x, h k D x )x(t, h 2 k Dt)(pl[o,T]Wk, h 2 k [D t , l[o,T\]i"k)L'(Sixn)] 

- 2S($(x, h k D x )x(t, h 2 k D t )ipg k , l[ 0: T]W fc ) L 2 (nxR) 

- 2&($(x, h k D x ) X (t, h 2 k D t )<pl [0 , T] a(h 2 k P) 1/2 aw kl l [0l T]Wfe)i=(nxR) + o(l), 

where we used that (4>(x, h k D x )x(t, h\D t )(p) — (<&(x, h k D x )x(t, h 2 k D t )ip)* = o(l) by pseudo-differen- 
tial calculus. It was proved in [30] proof of Proposition A. 9] that the first and the second terms tend 
to zero when k — > +oo. Since — > in Lf oc , the third term tends also to zero when k — > +oo. 
For the fourth term, according to (|2.74[) and (|2.76l) . it is easy to see that it tends to zero. Thus (|2.78|) 
is proved. 

In another side, it was shown in the Proposition A. 9 [3D] that 

lim A k = -(ji,H p ($x)). 

k— >+oo 

It follows from (|2.78[) . (|2.77[) that (fjL,H p b) = if b = $X; which implies our proposition. ■ 
We consider now the case of point too = {xq, £o, ^o, t o) 6 T*R d+1 with xo € dfl. We take, as in 

[30] . a neighborhood U Xo so small that we can perform the diffcomorphism F described in (|2.29[) . 
Let [I and v be the measures on T*R d+1 and T*(dVL x R t ) defined in Proposition 12 . 21 and Lemma 

12.121 We denote by fi and j> the measures on T*(U Xo x R t ) and T*(U Xo n {yi = 0} x R t ) which are 

the pullback of \i and i/ by the diffeomorphism F : (x,t) n- (F(x),t). 
We first recall the Lemma A. 10 established in [30] , 

Lemma 2.14. Let b € <g§°{T*(U Xo x R t )). We can find bj £ C ^{U XQ xl f x R^, -1 x R T ), j = 0,1 and 
°i € e &o°(T*(Ux x R*)) mii/i compact support in (y,t,rf,T) such that with the notations of \2.29X i, 

%,*>*7,t) = b (y,t,r]',T) +bi(y,t,r)',T)rn + o 2 (y, t, to t)(t + rj 2 +r(y,rj')), 

where r is the principal symbol of R(y, D'). 

Proposition 2.15. With the notations of Lemma \2.1J\ for every b € c tffi°(T*(Uo x Rt)), we have 

(Ji,H p b) = -(£,6i|y- 1=0 >. 

Proof. This proof is similar to the one of Proposition A. 12 [3D]. We recall some results from [3D] 
used to prove Proposition A. 12. ■ 

Lemma 2.16 (Lemma A.13 [30]). Let for j = 0,1, bj = bj(Y,t,rj' ,r) £ ^§°{U a x M d+1 ) and 
y € < ^o > °([/o) , 93 = 1 on 7ry suppa,-. Then, 

— [((6o(Afc) + hiA^hkDJcphKDt + P)l [0 ,r]w*|l 



((&o(A fc ) + 6i(A fc )/ifcDi)^l[o,T]Vfc, ftfc(A + P)l [0 ,nufc)d^] 





1 



= -J^d h k( Dt + p )' ( 6 °(A fc ) + 6i(Afc)/nkDi)vJl[ ,r|]«fc|l[o,r|«fc)i» 

- (ai(0,y',f, h k DY>,h 2 k D t )(p\Y 1 =o 1 io.T](h k D 1 v k \Y 1 =o)\ 1 io,T](h k D 1 v kl Y 1 =a))L^«.c'-ixm)- ( 2 -79) 
_ffere (., .) denotes the bracket in D'(R t ). 
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Lemma 2.17 (Lemma A.15 [3D]). Let for j = 0,1,2, bj = bj(Y, t, 17', r) € C ^(U Q x R d ) and 
</? G ^^°(Uq), ip = 1 on Try supp&j. Le£ its sef 



L k = ( b j(^k)ip(h k Diyi [0 ^ T] V k ,l[Q^T]Vk) 

Then we have for j = 0,1,2 



The previous Lemmas still hold in our case, since they are independent of the equation. 

Lemma 2.18. Let b = b{Y,t,n',r) G <g§°{U x R d+1 ) and ip G ^ °°(?7o) , <P = 1 on 7ry supp&j. For 
j = 0, 1 we sei, 

l{ = (/ifc 1 6(A Jk )vj(fcfcl?iy/»I(i? t + P)l [ o I rH;fc|l[o,Ti«*)£», 

^ = / (^T 1 &(A,)^(/ lfcJ D 1 )n [0!T]Ufe |/ i 2( J D t + p)i [0)TFfe )dy. 

./t/+ 

TTiera lim = lim J° k =0. 

Proof. The proof is similar to the one of Lemma A. 14 [30]. We have, 

I{ = i[(/i fc 6(A fc )(5 t=0 ^(/i fcJ D 1 ) : ''i; A; (0,.)|l [ o,T]Wfe)L^ - (hkb(A k )6 t =T<p(hkD 1 ) j Vk(0, .)\l [0>T] v k ) L 2 + ] 
+ (o(Afe)'/'(^fe-Dl)' 7 l[0,T]5fc|l[0,T]Wfc)L2 + (b(A k )cp(h k D 1 yi [Q . T] a(h 2 k P) 1 / 2 av k \l [Q,T]V k )L 2 ■ 

From Lemma A. 14 [30], the first and the second terms of the RHS in the previous identity tend to 
zero. 

Using that ||<7fc||z,2 — > 0, we can prove that the third term tends also to zero. 

Following Lemma fA. 61 and (|2.73[) the forth term tends to zero. We conclude that L 3 k tends to zero. 
For J 3 k we argue as for If. . ■ 

Proof of Proposition [27l5l From Proposition 12. 31 (t +p)fi = 0, so we have 

(fi,Hpb) = (Ji, H p (b + Mi)) • 

Let consider the identity (|2.79j) . by Lemma [2.18[ the LHS tends to zero when k —> +oo. By the 
semiclassical symbolic calculus, we have 

2 

^-[k 2 (D t + P), (6 (A fe ) + b^hMp] = 'jrc j (A 1l )<p(h k D i y, 
k j=o 

2 

where Cj G c {ffi° (UoxM. d+1 ), ip± = 1 on supp tp, and {p, bo+bir/i} = Cjff x . Hence, using Lemma r2.17l 

3=0 

and Lemma [2~T2l the RHS of (|2~79)) tends to 

-(ju,flp(6 + 6i»7i)) -(^&i|Yi=o)j 

when k — > +oo. 

We conclude that 

{Jl,Hpb) = (JL,H p (b + = -(^°i|Yi=o), 

which proves the Proposition 12. 151 ■ 
Proposition 2.19. With the notations of \30tf . we have 

fc=3 

Proof. The proof is the same as of Lemma A. 17 in [30]. ■ 

By measure theory methods (see [8], [9] and [30]), the propagation of the measure /i along the 
generalized bicharacteristic flow is equivalent to Propositions I2.13[ 12.151 and 12.191 
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A Appendix 

In this appendix, we prove some Lemmas used above. 

We recall the Hclffcr-Sjdstrand formula (see [14]) used extensively in this section. To introduce it we 
recall some notations. 

Let 9 G ^0°° (K) and let (p € ^(R) such that ip(t) = 1 if |i| < 1 and ip(t) = if |t| > 2. Let N >2, 
we set 



9=1 ^ 



then G ^(R 2 ) and satisfies 



|<90(i,o-)| < <7|<r| w where 86(t,a) = hd t 6 + idj)(t,a). (A.l) 

We call 9 an almost analytic extension of 9. Let P a self adjoint operator. We have the following 
Hclffer-Sjostrand formula 

9(h 2 P) = --[ d9{t 1 a){z-h 2 Py 1 dtd<j where z = t + ia. (A.2) 

The formula does not depend of TV and 93. We recall the estimates proved in [30], Lemma A. 22, we 
have for / = (z — h 2 P)^ 1 u and Smz 7^ 0, 

\\h 2 Pf\\h m + ||WVHi» (n) + ll^ 1/2 /||!= W + ||/||i 3( n) < ^SlMllw (A.3) 

Let /i„ a sequence such that ft,„ > and /i„ — > when n — > +00. In the sequel, for simplicity we 
denote such a sequence by h. We say h — > instead of /i n — > when n — > +00. 

Lemma A.l. Let and satisfying 

{ h 2 (D t + P)u h - iha{h 2 P) 1 / 2 {au h ) = hg h in [0,T] x fl 
[ u h = on [0, T] x <9ft 

and we assume that \\(x)^ s u h \\ 2 L2 ^ ^ xn ^ < 1, h\\u h (0)\\ 2 L 2^ n) -> and ||(^) s 5h|||2([o,T]xn) w/lerl 

/i — > 0. XTien sup /i||i*h(i)||i2(f2) ~ 0- 
te[o,r] 

Proof. Let fc(t) = /i 1 1 ia^. (t) 1 1 ^ 2 (s^) ' usm S hdtUh = —ihPuy l — a(h 2 P) 1 ^ 2 (auh) + ig^, we have 
k'(t) = 2Ue(hd t u h (t)\u h (t)) 



Using 
and 

we obtain 
Thus 



= 2Ue(-ihPu h (t)\u h (t)) - 2$e(a(h 2 P) 1 / 2 (au h )(t)\u h (t)) + 2Re(ig h \u h ). 

fte(iPu h (t)\u h (t)) = 0, 
ne(a(h 2 P)^ 2 (au h )(t)\u h (t)) ^^e((h 2 P)^ 2 (au h )(t)\au h (t)) > 0, 
k'{t) < 2\\{x) s g h {t)\\ L 2 {n) \\{x)- s u h (t)\\ L 2 {{ - l) . 
k(t) < k(0) + 2||(x) s 5/ l |j L 2 ( [ ^ T ] xO )||(.T) _s ii, l || L 2( [0iT ] X f2 ) . 



The assumptions and the definition of k imply the Lemma. 

Let ip : K -> K such that ip(t) = if t < a or t > j3 where < a < f3. 
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Lemma A. 2. Let a € c ^' co (M. d ) and s < 1, there exist C > 0, ho such that, if < h < ho we have, 
for all u £ L 2 (Ct), 

\\(x) s [aMh 2 P)}(h 2 P) 1/2 u\\h m < Ch 2 \\u\\ (A.4) 

Proof. Wc prove (jA~4|) for u £ tf Q °°(ty. 
Taking the adjoint, (|A.4[) is equivalent to 

\\{h 2 P)^ 2 [a,i>{h 2 P)]{xYu\\l, m < Ch 2 \\u\\l 2(Q) , 

which is equivalent to 

\((x) s [a,i:(h 2 P)}(h 2 Y,d Xj a jk (x)d Xk + h 2 V)[a^(h 2 P)}(xyu\u) < Ch 2 ||«||| 3(n) . 
Thus it is enough to prove 

\\hd X] [a,^(h 2 P)}(x) s u\\ < Ch\\u\\ L 2 {Q)> (A.5) 

and 

\\hVy 2 [a^{h 2 P)](x) s u\\ < Ch\\u\\ LHn) . (A.6) 

Now we prove (|A.5|) . Following the Helffer-Sjostrand formula, where ip is an almost analytic 
extension of ip, we have 

hd Xj [a,ip{h 2 P)](x) s = — J d^{z)hd X] [a,{z^h 2 P)- 1 ]{x) s dtda 

= - J di)(z)hd X] (z-h 2 P)- 1 [a,z-h 2 P](z-h 2 P)- 1 (x) s dtdcr 

= - J dtP{z)hd X] {z~h 2 P)- 1 [a,z~h 2 P](x) s (z-h 2 P)- 1 dtd<T + A, (A.7) 

where A = - J 8^{z)hd X] {z - h 2 P)- l [a, z - h 2 P](z - h 2 P)- 1 ^) 3 , z - h 2 P]{z - h 2 P)~ l dsda . 
We have 

d 

[a,z-h 2 P] = h 2 J2aj{x)d X] + h 2 c{x), (A.8) 

where ctj and c are compact supported. Following (|A.7p . we have two types of terms to control. 
First we remark that 

d 

(h 2 otj{x)d Xj + h 2 c(x))(x) s = lr (,,7, + h 2 d{x), 
i=l 

where (3j and d are compact supported, following (|A.7[) and estimates (|A.3|) (with N = 3) we obtain 

\\hd Xj (z-h 2 P)-\h 2 Pjd Xj +h 2 d(x))(z-h 2 P)- 1 u\\ L 2 {n) < Chj^^\\u\\ L 2 m . (A.9) 

Thus following (|A.1[) . we have 

\\fd$(z)hd aj (z-h a P)- 1 (h ,l p j d ail +h 2 d(x))(z-h 2 P)- 1 udtda\\ LHn) < Ch\\u\\ L 2 (n) . (A.10) 
Second, we have 

d 

[(x) s ,z - h 2 P] = h 2 Y,l^)d Xk + h 2 j(x), 
fc=i 

where |7fc(x)| + |7(x)| < C(x) s ~ 1 < C, with the above notations, we have following (|A.3[) . 
\\hd Xj {z - h 2 P)-\h 2 a {x)d X] + h 2 c(x)){z - h 2 P)- 1 (h 2 lk {x)d Xk + h 2 ^{x)){z - ^P)" 1 ^) 

<rh 2 (N)3 ii.ii (A ' U) 
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thus, following the proof of (|A.10[) . we prove (|A.5I) . 

To prove (|A.6[) . following the Hclffer-Sjostrand formula we have, 



hV 1/2 [a,ip{h 2 P)]{x) s = - f d^(z)hV 1/2 (z~h 2 P)- 1 [a,z~h 2 P](z-h 2 P)- 1 {x) s dtda. 



With the notation above, it is enough to prove 



ll^yVa^-^pj-i^a^^.^^+^^^.^pj-i^^ii^ < ^J!£!)_|| u || L3(n)< (A . 12) 

S / / 1 7i 

j = l 

Writing (z — /i 2 P) _1 (x) s = (x) s (z — h 2 P)~ x + [(z — h^P)" 1 , (x) s ], the first term is estimated following 
the proof of (|A.9[) . To estimate the second term, we follow the proof of (|A.11[) . Thus we obtain 
(|A.12|) which achieve the proof of Lemma. ■ 

Lemma A. 3. Let s G [0, 1] and \ a smooth function such that x = 1 for \x\ > 1. We set Xr{ x ) = 
X(x/R). There exists C > such that for all u £ L 2 (Q), 

\\(h 2 P)^ 2 (x) s mh 2 P),XR}u\\<Ch\\u\\. 

Proof. The proof is very close to the one of Lemma fA.21 By the same argument it is sufficient 
to prove 

\\hd Xj (x) s [iP(h 2 P), X R}u\\ < Ch\\u\\, (A.13) 
\\hV^ 2 (xrmh 2 P),XR]u\\ < Ch\\u\\. (A.14) 

From the Helffer-Sjostrand formula, we obtain (as in (|A.7[) ) 

hd Xj (x) s [ip(h 2 P),XR} = - I B4>(z)hd X] (z - h 2 P)- 1 (x) s [(z - h 2 P), X R](z - h 2 P)~ l dtda (A.15) 



7T 



- / d^(z)hd x Mx) s 1 (z-h 2 P)- 1 }[(z-h 2 P),XRKz~h 2 P)- 1 dtda. 



Modulo negative power of 3mz, in the first term of ()A.15|) hd x (z — h 2 P)~ l is bounded on L 2 (il) 
and, because (x) s /R is bounded on the support of x'(x/R), we can write (x) s [(z — h 2 P),XR] as a 
sum of term a(x)h 2 d Xj . This yields that (x} s [(z — h 2 P), xr]( z - h 2 P)~ x is bounded on L 2 (f2) by Ch 
modulo negative power of Smz. This gives the result for the first term in (|A.15|) . 
Writing 

[(x) s , (z - h 2 P)- 1 } = -(z - ^P)- 1 ^) 3 ^ - h 2 P](z - h 2 P)- 1 

and arguing as for the first term, we obtain (|A.13[) . By the same arguments and using that hV x l 2 (z- 
h 2 P) _1 is bounded on L 2 (£l) modulo negative power of ^smz (see [301 Lemma A. 22]), we obtain 
SKIQ . m 

Lemma A. 4. Let s such that \s\ < 1, let b <E c £°°{Vt) such that \b(x)\ < C(x) s and 

\d Xj b(x)\ + \d 2 . x b\ < C(x) s ^ 1 , there exist C > 0, ho > such that, if < h < ho we have, for all 

ueL 2 {Q), 

\\(x)- s {rl>(h 2 P),b}u\\ LHn) <Ch||u|| L » (n) . 
Proof. By Hclffer-Sjostrand formula, we have, with the notation of Lemma TA. 21 

(x)- s [4ih 2 P),b} = - [ d^{z){x)- s {z^h 2 P)- 1 [z-h 2 P,b]{z-h 2 P)- 1 dtdcj (A.16) 



IT- d 

= - / B^{z){x)- s {z-h 2 P)- 1 {h 2 Y J lk{x)d Xk +h 2 1 (x))(z-h 2 Py 1 dtda, 

n •* k=l 
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where | 7fc (a;)| + \y(x)\ < C{x) s - X . 
If s > 0, following (|A.3[) . we have 

\\{ X )- s {z-h 2 P)- l (h 2 Y,lk{x)d Xk +h 2 1 (x)){z-h 2 P)- 1 u\\ L . {n) < Chr^\\u\\vw, (A.17) 

k=l 1 1 

thus, following the proof of (|A.10[) . we achieve the proof of Lemma in this case. 
If s < 0, we write 

(x)- s (z ~ h 2 Py x = (z- h 2 Py 1 {x)- s -(z- h 2 P)- l [{x)-\ {z - h 2 P)]{z - h 2 P)-\ 
Putting this in (|A.16[) . we obtain two terms. The first gives 

||(* - h 2 P)-\x)- s (h 2 "£ Jk (x)d Xk + h 2 j(x))(z - h'Py'uh^ < ChjPt-WuW^y (A.18) 

k=l \^ mz \ 

The second gives 

d d 

|| (z - h 2 P)-\h 2 J2 lk(x)d Xk + h 2 f(x))(z - ^P)- 1 ^ 2 ^ lk(x)d Xk + h 2 7 (x))(z - h a P)- 1 u\\ 

k=i fc=i (A.19) 

<^ 2 ,P^IMI, 
\\smz\ z 

because |7fc(o;)| + (7(0:) | < C{x)~ s ~ 1 . Following (|A.18|) . (|A.19[) and the Helffer-Sjostrand formula, 
we obtain the Lemma. ■ 

Remarks A. 5. In the Lemma lA. 41 we can remove the assumption |s| < 1, by commuting (x) s with 
(z — /i 2 P) _1 several times, but Lemma fA.41 is sufficient for us in the sequel. 

Lemma A. 6. Let a £ ^"(R ), there exist C > 0, ho such that, if < h < ho we have, for all 

u e L 2 {n), 

\\{h 2 P) l / 2 a^{h 2 P)u\\ 2 L , m <Ch 2 \\u\\ 

Proof. Writing 

{h 2 P)^ 2 aiP{h 2 P)u = {h 2 Pf/ 2 [a,i}{h 2 P)]u+ {h 2 P) 1 / 2 ijj(h 2 P)au, 

then using the Lemma lA.21 with s = 0, 

\\{h 2 Pf/ 2 a^h 2 P)u\\ 2 L2{n) < \\(h 2 Py/ 2 [a,i;(h 2 P)}u\\ 2 L2{n) + \\{h 2 Pf' 2 ^{h 2 P)au\\ 2 L2{n) 

<Ch 2 \\u\\ 2 LHn) +C\\au\\ 2 L2{n)1 

which proves the Lemma. ■ 

Lemma A. 7. For all s £ [—1,1], there exists C > such that for all u £ ^q 00 (il) and all h £ (0, 1], 
we have 

\\(x) s Hh 2 P)(xy s u\\ L2m < C\\u\\ L2m . 
Proof. We have by Lemma [A. 41 

\\(x)yj(h 2 p)(xy s u\\ L2{n) < u(h 2 p)u\\ L2{n) + \\(x) s [4ih 2 p), (x)- s }u\\ L 2 {n) 

< U{h 2 P)u\\ L2{n) +Ch\\u\\ LHn) , 
which proves the Lemma. ■ 
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Lemma A. 8. Let a G (— 1, 1) and s G [—1, 1], then there exist C\ > and G<i > such that for all 
u G ^^(fi), we have 



+00 + 00 +00 

L-2an I„\s.i./u2 m_.ll 

L 2 (f2)j 



d E K 2a \\{x)^{hlP)u\\l, m < E h- 2 <*W(h 2 n p){ x y u \\l 2m <c 2 J2 K^wixy^hlP)^ 2 

n—0 n—0 n—0 

where ip was defined in Section \2.1\ and h n = 2~ n . 
Proof. We have 



mhiP)( X ) s u\\ 2 L2m = u(h 2 n p){xrj2^(hip)u\\h {u) 

k=0 
n+l 

<2U{hlP){xYY J ^lP)u\\l 2[n) 
+ 2U{h 2 n P){xY £ Tp(h 2 k P)u\\ 2 LHn) =2A + 2B. 



To estimate A, we can write 

n+l n+1 



A < 2|| (xy^hlP) ip(h 2 k P)u\\ 2 LHQ) + 2|| [^(/£-P), (x) s ] £ ^P)u||i a(n) = 2A 1 + 2A 2 . 



fc=0 fe=0 

By support properties of Tp and by the Lemma lA. 71 we have 

n+l n+l 



^ = ||(.t)^(^P) J2 i>(h 2 k P)u\\l 2m < \\(x) s HhlP)u\\ 2 L2m . (A.20) 



k— n— 1 fc— n — 1 

By Lemma [A. 41 we see easily that 

n+l 



A 2 <Chl\\(xyJ2^h 2 k P)u 



2 

L 2 (i2)' 
fc=0 



Summing with respect n, we obtain 



+oo n+l +oo /n+l \ 2 

E^ 2a ^iK*> s E^ p Hi!= ( a) < E E^ a+1 ^ {K a \\( x y^(h 2 k p)u\\ L2m ) . (A.21) 

n=0 fc=0 n=0 \fc=0 / 

We have h~ a+1 h^ = 2 -(i-«)(»-fc)2- fc < 2 -(i-«X"-fc) an d (2-( 1 - Q W) J > G ^ because 1 - a > 0. We 

can consider the right hand side of (| A.21|) as a convolution i 1 * £ 2 and we obtain the estimation of 

+00 

this term by C ^ h~ 2a \\ {x) s %j)(h 2 n P)u\\ 2 L2(sl) which estimates, with (|A30l) . the term A. 

n—0 

Now we estimate B. By support properties of ip and Lemma I A. 41 it follows that 



+00 fe+i 

2 

L 2 (Q) 

fe=n+2 j=k—l 



s = iw^w E ^ h l p ) E ^ 2 ^> 



+00 fe+i 

2 

L 2 (fi) 

fe=n+2 J=fe-1 



||^(^P) E KxYMhlP)} E ^ 2i > 



Foo fc+1 

<c\ E M(*> s E ^ 2p HU 2 (n) 

,fc=n+2 j=k-l 
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Summing with respect n, we obtain 

+00 / +00 fc+i 

E^ 2 " E M(*> S E Hh 2 3 P)u\\ LHn) 

n=0 yfc=ri+2 j = k-l 

+ 00 / +00 / k+l 

^E E K a h\ +a \K a \\{xY E ^P)u\\ L . 

n=0 \fc=n+2 V j=k-l 

We have h- a h\ +a = 2-( 1 +«)( fc -«)2-" < 2-( 1+a )( fc -"' and (2-( 1+Q )^) e since 1 + a > 0. We 
conclude as for the term A above. We have proved the right inequality of the Lemma. 

We prove the other inequality. 

We have, 

+00 

\\{ x Y4ihiP)u\\i 2{n) = \\{xy^{hlP){x)-°Y,^ h l p )WAl* m 

k=0 
n+1 

<2\\(x)y J (hlP)(x)- s Y,^ h ln(x) s u\\l Hn) 

+00 

+ 2\\(x)^(h 2 n P)(x)- a E HhlP){x) s u\\l Hn) = 2D + 2E. 

k=n+2 

We have by properties of support of ijj, 

n+1 n+1 

D<2U(hlP) E ^(^P)(x)^||i 2(0) +2!|[<x)^^(^P)]( x )-^^(^p )(x) , M ||2 2(n) . 

k=n-l k=0 

The estimate of the first term is clear, for the second using Lemma lA.41 we get 

+00 n+1 



Y,K 2a \\[^) s MKpmr s Y,^ h l p )^ 



vs„.l|2 

L 2 (S1) 

n=0 k=0 



^ E \Y. h n a+1 K (h^U(hlP)(xyu\\ L . m ) 

n=0 \fc=0 

We have K a+1 h% < 2-( 1 -«)("- fc ) and we can conclude as above by convolution argument. 
For E, it follows from the support properties of ip, Lemma lA. 71 and Lemma I A. 4| 



Su \\l 2 ((i) 



+00 fc+i 

E = \\{xy^hlP){ x y s E ^ h l p ) E W* p ){*) 

k=n+2 j=k-l 
+ 00 k+l 

<\\(x)^(h 2 n P) E [{x)-'MhlP)] E ^(h 2 p)(xyu\\i Hn) 

k=n+2 j=k-l 
+ 00 k+l 

<C\\(x)° E [{x)-'Mh 2 k P)] E i>{h 2 P)(xYu\\l 2m 

k=n+2 j=k-l 



+00 k+l 

< C ( E M E ^(h 2 P)(x) s u\\ LHn) 

h—7i-\-2 j—k — 1 



27 



Summing with respect n, we obtain, 

+00 +00 



x) s u u2 



L 2 (n) 



n=0 



k=n+2 



-00 / + OO 



fe+1 



<E( E K a h\ +a \ h- a \\ J2 ^( h j p )(x 



n=0 \k=n+2 

We have h~ a h], +a < 2 _ ( n ~ fc )( 1+Q ) and we can conclude by convolution argument. ■ 
Lemma A. 9. Let s £ [—1, 1], a £ (—1, 3/2) there exists C > such that for all u £ L 2 (tt), we have 

-t-oc 

^/ l ~ 1 ||( a; ) s [V(^P),a](^^) 1/2 «(^P)^ /2 «lli 2 (n) < C\\u\\l 2(n) . 

k=0 

Proof. Following the properties of tp, we have 



where ipo (°~) = cr 1//2 V'( cr ) an d 



(^)- a/J = ETO(^ 



n=0 



where V'i( cr ) = 17 a ^ 2 if>{cr). Thus we must prove, 

+00 

E^'H E hl- a hJ 1 KAx)n^(hlP),a}Mh 2 P)aMh 2 n P)u\\h m < C\\u\\ 
k=i (j»gn* 2 

Let us introduce for each k the following partition of N 2 . 

A\ = {(j, n) £ N 2 , fc > j - 2 or fc > n - 2, and j > n - 2}, 
A t = {U, n ) € N 2 , fc>j-2orfc>n- 2, textandj < n - 3}, 
A| = {(j, n) G N 2 , fc < j - 3 and k < n - 3}. 

In the sequel, for each set we will prove (|A.22[) . 

Let ip2 £ < ^o°°(Oi +°°) such that ip2 — 1 on the support of ip- We have, 



2 

L 2 (fi)- 



(A.22) 



k=0 

where 



+ OO 



A = J2 h k 1 W E ^^7 1 ^(^>1V'(^^),a]^(/ i 2 P)a^(/i 2 P)^(/i 2 P) U || 2 2( ^ 



+00 

<^E^ 

/c=0 



\|j-n|<l 



^ C E E fh /2 ~ a K 1+a Ui(hlP)u\\mn)\ (byLemmaEl 

fc=0 \?i<fc+4 



(A.23) 
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We have h 3 k /2 a h- 1+a = 2-( fc -")( 3 / 2 - Q )2-™/ 2 < 2-( fc -"H 3 / 2 - Q ) and we can see (|X23]) as a convolu- 
tion t 1 * £ 2 if a < 3/2 which prove (|A.22|) for this term. 
For B, we can see that 



+00 

B = E^ 1 !! E ^"V 1 ^( a; > S ^(^ P )'«]V-'2(^ J P)[V'o(^P),a]V'i(^P)«l| 2 L 2 (a) 



fc=0 (j»6Ai 

< 2C + 2L>, 



where 

+00 



2 

L 2 (0)- 

fc=0 a,n)SAi 



In the last sum \j — n\ < 1, then we can estimate this term as the term A. 
Wc have 



+00 

D = E^'H E hl-ohj'hZixyimlnattMtfP), [Mh 2 P),a}}Mh 2 n P)u\\h {n} 
k=0 (j,n)GAl 

(by Lemma [A. 41 and Lemma lA.10() . 

k=0 \(j,n)eAl J 

In A\, we have j > n — 2 then the sum over j gives a constant time Then, 

+00 / 

^ C E E hl^h^WMhlPMmn) 



,3/2-a h i +c 

k=0 \n<fc+4 



+00 



<^E^~ 2a E ^ +2Q E iiv^wii^) 

fc=0 \n<fc+4 J \ri<k+i 

by Cauchy-Schwarz inequality and as all the sums converge if a G (-1,3/2), we obtain (|A~22|) . 

Now we will estimate the sum over A 2 ,. We have with the function ip2 defined above, as 
^{h^P^QilP) = 0, because j <n- 2, 

E^'ll E hl- a hJ 1 hZ(x)nHhlP),a}Mh 2 3 P)a^ 2 2 (hlP)MhlP)u\ 



\ 2 L 2 (n) 

k=0 (j,n)eAl 



E^l! E K~ a hfKm^hlP)MMh^[a^ 



k=0 (j,n)eA 2 k 

- C E ( E h k /2 ~ ah j lh l +a H'i-( h lP) u \\LHn) ] (by Lemma[0]and the LemmarXHO]). 

fc =0 \U,n)€Ai J 

As ^2 hj < Ch^ 1 , we can end the proof as for the term D above. 

j<n-3 

Finally we treat the sum over A 3 .. We have, as ip(h 2 ,P)iljo(h' 2 P) = 0. 
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-f-oo 

E^'ll E hl- a h- 1 h^(xymhiP),a}M^P)aM^P)u\\h {n) 
k=a U,n)eAl 

= E^ _1 H E ^" Q V 1 ^(^)>(^ J P)^o(^ J P)^(^ 2 P)aV'2(^P)V'i(^P)u|| 2 L2(0) 
fe=o U,n)eA 3 k 

<2E + 2F, 



where, 



2 

L 2 (0) 

fc=0 (i,n)SA| 



^E( E hl^h^WMhlPML^a) 



k=0 \(j,n)eAl 

If (j, n) <E we have j > k + 3 then the sum over j is less than Ch^. We obtain, 

+00 / 

^ C E E ^f~X + 1lV>i(^WU 2 (n 

fc=0 \n>fc+3 

<^E^" 2a ( E ^ +2Q ) ( E \\MhiP)u\\i Hn) 

k=0 \n>k+3 I \n>/c+3 



+00 

L 2 (f2)' 



fc=0 



And we have 



2 

L 2 (0) 

b'-»l<i 

2 

+00 



<CE^" 2 M E ^ + 1^i(^HU 2 ( q) (byLemmaEIO]) 

+ 00 / \ / \ +°° 



<^E^" 2Q E h l +2a \ E \\Mh 2 n p)u\\i HQ) \<cj2ht 



'4h\\l H ny 

k=0 \n>k+3 I \n>fc+3 / k=0 



Which achieve the proof of Lemma. ■ 

Lemma A.10. Let b G c g°°{VL) with support in {\x\ < R}, let 6»i, (9 2 G ^(R), let s G [0, 1] there 
exist ho > and C > swc/i i/iai /or all u G L 2 (f2) and ft, G (0, ft-o) we have, 

\\(x) s [[e 1 (h 2 p),b],e 2 (h 2 P))u\\ L , i u) < ch 2 \\u\\ L 2 (n) . 

Proof. We give only a sketch of proof, we use the same technic than before. By the Helffcr- 
Sjostrand formula, we have 

[[d 1 (h 2 P),b]6 2 (h 2 P)}u = \ [ d6i(h,<Ti)d6 2 (t2,<r2)[[(zi - h 2 P)-\b], (z 2 - h 2 Py^dtda, 

7T ./B4 
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where z = (z±, z%) and Zj = tj + io~j. 
First, we can write 

[[(z 1 -h 2 P)- 1 ,b],(z 2 -h 2 P)- 1 ) 

= { Zl - h 2 P)-\z 2 - h 2 P)- x [[zi - h 2 P,b],z 2 - h 2 P](z! - h 2 P)-\z 2 - h 2 P)-\ 

and 

[[ Zl - h 2 P, b],z 2 - h 2 P] =h 4 J2 lAx)d 2 k +h i Y, + h 4 ~fo(x), 

j,k j 

where the 7's are compactly supported. Second, as 

(x) s { Zl - h 2 py 1 {z 2 - ^py 1 =( Zl - h 2 py\z 2 - h 2 p)- x (x) s 

+ [{x) s 1 {z l -h 2 P)- 1 ]{z 2 -h 2 P)- 1 
+ (z 1 -h 2 P)- 1 [(x) a ,(z2-h 2 P)- 1 ], 

and [(x) s , (z — /i 2 P) _1 ] = — (z — /i 2 P) _1 [(a;) s , (z — h 2 P)](z — h 2 P)~ x , then we can obtain the Lemma 
by using the estimate (|A.3[) and writing the commutator [(x) s , (z — h 2 P)] as in the Formula (|A.16I) . 
■ 

Lemma A. 11. Let s £ [—1, 1], a < 3/2, there exists C > such that for all u € L 2 (fl), we have 
+00 

^h^lK^'a^Pj^tV^PJ.oK^Pj-^ulli,^) < C\\u\\ 2 L2{ny 

k=0 

Proof. We follow the same strategy than the one for the proof of Lemma rA.91 We have to prove, 

+00 

E^H E ^ a ^ 1 ^(^) 5 ^o(^P)[V'(^P),a]^(^)«lli 2 (n)<C'|| U ||i 2(n) . (A.24) 

k=0 (j,n)eN 2 

If [7 — fc| > 2 and \n — k\ > 2, the corresponding term in the sum is null. If \j — k\ < 1 (the case 
\n — fc| < 1 is symmetric and let to the reader). We consider two cases, the first if 11 > k + 2, term 
A in the sequel, and the second if k > n + 2 term B in the sequel. 



a<cy: 



k=0 



E h k 1/2 a ^||(x) 8 a^o(^P)V'(^i 3 )aV'2(^P)V'i(^J , )w|U=(n) 

\ l3-fe|<l 

\ n>fc+2 / 

^ C E( E h- 1/2 - a h:M(hlP)[a,MhlP)}Mh 2 n P)u\\ LH n) 

k=0 \n>A;+2 

+00 



E h- 1/2 - a hy a \\Mh 2 n P)u\\ LH n } 



k=0 \n>A;+2 

+ 00 



<^E^" 2Q E ^ +2a E ii^(^ny(a) 

fc=0 \n>fc+2 / \n>k+2 



mil 2 



+ OC 

<cE>Nli* ( n) <CH|£ a(n) . 
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+ 00 



B ^ C Y, I E h- 1/2 - a h^\\(TraM^P)MhlPmhtP)aMhlP)u\\ LH n ) 

k=0 \ li-fe|<i 

\ k>n+2 
+ OC / 

C E E ^ 1/2 - a ^l|[^(^P),[V(^P),a]]^(^P) U |U 2( o) 



fc=0 \fc>n+2 

+00 / ' 2 

<C E E ^ /2 " a ^ll^i(^^IU=(n) 

fc=0 \fc>n+2 

^X^E 2- {k - nK3/2 - a HMhlP>\\ LH n] <C\\u\\l 2m , 

fe=0 \fc>n+2 y 

because the last term can be seen as a convolution I 1 * £ 2 if a < 3/2. The estimations on A and B 
prove (|A.24[) . ■ 
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